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An analysis of the stability of e plug-flow tubular reactor with recycle is presented for a
model in which axial dispersion of heat and mass is neglected. A method is developed which
permits determination of stability or instability for small disturbances immediately upon ottainment
of the steady state solution. The method, which is applicable to a large class of recycle processes,
is based on a Newton-Raphson iteration technique for steady state solution and on the stability
theory of nonlinear difference equations. The feasibility of the method is demonstrated by
means of numerical examples which illustrate the occurrence of steady state multiplicity and

unstable situations.

The transient behavior of continuous flow chemical re-
actors has been the subject of a number of studies through
the past decade. A rather complete summary of these
works is available in three recent books (I, 2, 3) and two
review articles (4, 5). The vast majority of previous works
has been concerned with perfectly mixed reactors, where
the lumped-parameter model permits application of well-
established theorems concerning stability and transient re-
sponse. Tubular reactors, on the other hand, have been
previously considered only to a limited degree.

The present work is a theoretical study of the dynamics
of a plug-flow tubular reactor with recycle. The objectives
of the study, which will be presented in two parts, are to
establish stability criteria and to investigate the compelte
transient nature of the system. This paper is addressed to
the first of these objectives. The scope is limited to situa-
tions in which axial dispersion of heat and mass is neglig-
ible and the reaction is homogeneous. The mathematical
description would apply roughly to solid-catalyzed reac-
tions if the solid had negligible capacity and if surface
kinetics were rate-determining,

The only previously reported study of the dynamics of
a tubular reactor with recycle was a cursory examination
by Bilous and Amundson (6) in a study directed toward
steady state sensitivity in plug-flow reactors. They em-
ployed Laplace transform methods to analyze the ﬁnear-
ized transient response and showed theoretically that the
possibility of instability exists when the reactor is partially
fed with a recycle stream.

Stability arguments in the present paper are based on
the theory of nonlinear difference equations. A systematic
procedure is developed whereby stability of a steady state
to small disturbances may be rigorously determined im-
mediately upon attainment of a steady state solution.

MATHEMATICAL MODEL

In the system under consideration a fraction of the
effluent stream from a tubular reactor is returned through
a recycle line to join the fresh feed at the inlet. Major as-
sumptions employed throughout the analysis are that plug
flow exists in the reactor, there is no axial dispersion of
heat or material, radial gradients in temperature and con-
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centration do not exist, and fluid properties are constant.
A reaction of the form

m-1

E aAi—A=0 (1)

i=1
occurs in the reactor. Although the methods employed in
this paper are described in terms of a single reaction, the
approach can readily be extended to more complex re-
action systems. In Equation (1), a,, the stoichiometric co-
efficient for the species A, is negative for reactants and
positive for products. One of the reactants, component A,
is chosen as a reference component. The rate of formation
7, of component A, is related to the rate of formation of
the reference component by the expression

—r/a; =71 (2)

where r may be a function of the temperature and all con-
centrations.

Transient material balances, in dimensionless form, for
the individual components are

dy/dr + 8y/06 = R (v, 71, ) (3)
a‘)’t/a’r + a’)’i/af =R (4)

i=12,...,m—1

An energy balance on a plug of material in the reactor
may be written in the following dimensionless form:

30/9r + 00/3¢ = U, (8. —0) — R (5)

The wall temperature T, is assumed to be independent
of time, but may be a function of position. The heat trans-
fer coeflicient U is assumed constant.

Solution of the above system of equations requires a
knowledge of reactor inlet-conditions. For a simple recycle
process in which a fraction of the exit material is returned
with negligible heat loss and no concentration change, the
inlet state is given by

70(7) = (1 _Rr) yrF + RrYe (7_8) (6)
yio(r) = (1—R,) yir + Beyie (v —8) (7)
9.,(r) = (1 —R,) 6- + R4, (r — 3) (8)

In general a reactor-recycle system may involve any num-
ber of processes in the recycle line such as further chemi-
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cal conversion, heat exchange, or component removal or
addition. In the present study the analysis is first carried
out in detail for the simple recycle process described by
Equations (6), (7), and (8). Extension of the methods
to m}cl)re complicated cases is brought out in a later para-
graph.

flthough the primary goals of the present work involve
a study of time-dependent behavior, in particular the sta-
bility of a steady state, it is of necessity as well as of
interest to investigate first some methods of obtaining
steady state solutions. It will be shown later that the
method described in the following section allows an im-
mediate determination of stability or instability of a steady
state to small disturbances.

THE STEADY STATE

The dimensionless equations which govern the steady
state regime of the reactor are the ordinary differential
equations which result from Equations (3), (4), and (5)
by setting the time derivatives equal to zero. These are

dy/d¢ = R(y, v:, 0) (9)

dy./dé = R (10)
i=12...,m—1

de/d¢ = U, (8, —8) — R (11)

In addition, a steady state solution must satisfy the time-
independent recycle conditions

vo = (1 —R,) v+ + R.y. (12)
yio = (1—R,) yir + By (13)
00 = (1 _Rr) 017' + Rroc (14)

It is noted that the steady state solution is independent of
any time delay in the recycle line.

Due to the usual complexity of the reaction rate func-
tion R, solution of Equations (9) through (14) must gen-
erally be carried out by numerical integration. Further-
more, since the inlet conditions, v., y.., and §,, needed to
start the integration cannot be calculated from the recycle
equations unless the steady state outlet conditions, v., y..,
and 8, are known, it is necessary to employ some trial and
error or iterative procedure. The system oty equations to be
integrated numerically may be reduced to just Equations
(9) and (11). The following relationship between y; and
v results from combining Equations (9) and (10):

yil€) — vio = v(€) — v, (15)

i=12,...,m—1

Furthermore, Equations (12) and (13), together with
Equation (15) evaluated at ¢ = 1, yield the following
relationship between exit concentrations of component A;
and the reference component:

YVie— Yir = Yo — Yr (16)

Numericol Procedure

With assumed values of y. and 4, Equations (9) and
(11) may be integrated numerically to ¢ = 1. The v.’s
may be obtained at the inlet by means of Equations (13)
and (16) and at any position in the reactor by means of
Equation (15). The newly computed values of y, and 4,
depend on the assumed values, designated now as y.” and
é.. Thus

Ve =y, (v./. 8.) (17)

8. =4.(v.,6.) (18)

For a steady state solution vy, and 4, are identically equal
to v,” and 4.”, respectively.
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In a search for a solution, successive estimates of the
outlet concentration and temperature may be systemati-
cally generated by any one of several methods. One of
these, known as the method of successive substitutions,
employs the computed outlet state of the n'* iteration as
the estimated outlet state for the n + 1°** iteration. It will
become clear in the discussion of the transient state that
such a procedure would never converge to an unstable
state. On the other hand, iterative schemes based on the
Newton-Raphson root-finding method are usually con-
vergent. The following technique was found to converge
rapidly in all cases studied. Here v,/ and 4,/*”, the
estimates for the n + 1°* iteration, are obtained from the
matrix equation

sin+ly

7{ny
n Ve Y
(]( T— I) (ecl(nﬂ) . 06/(") )

e/(‘n) — ’I(n)’ 0./(13)
(Lo e ) 19)
where J, the Jacobian matrix, is defined by
Oye/ Oy Bv./00
]:(7 7,37 ’) (20)
80./0y. 96./09.

J™ is obtained by evaluating the partial derivatives in
Equation (20) for the n** iteration. Employment of this
method requires that y,”® and 4,/® be assumed with suc-
ceeding estimates of the outlet state obtained from the
recurrence relations of Equation (19). In addition it
requires that the Jacobian matrix be obtainable for each
iteration. It will be shown later that the Jacobian defined
in Equation (20) has particular significance regarding
stability of the steady state. The technique presented be-
low for its evaluation follows the procedure described
elsewhere for the numerical solution of boundary-value
problems (7, 8).

From the chain rule of differentiation of y, and 4., it
follows that the Jacobian can be written as

= (By,/a'y,, 7./ 80, ) (ay.,/ay.' dv./30,
N\ 98./0y, 96./96, 00./dv., 06./00.

m=1

+ 21: (22:52:‘7)(6%0/8%’ dvi./80.”) (21)

This equation may be further simplified by means o
Equations (12) through (15) to yield

r M=1
dye/dy. + 2 Oy./dyie Oye./00,
izl

]=R, (22)

wm-1

0. /3y, + 2 00./3y., 36,00,

|
L izl

An auxiliary set of differential equations for the elements
of the matrix of Equation (22) is derived by differentiat-
ing Equations (9), (10), and (11) with respect to the
inlet conditions y., yi,, and 4.. Thus if M is defined as

M=l

dy/dy. + 2 dy/dyie dy/80,

(23)

09/dy, + 2 80/8y:, 96/30, |
=1 J

The following system of ordinary differential equations
results from the differentiation and with the aid of Equa-
tion (15):
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m1

aR/dy + E oR/dy. OR/30

M
dM/d¢ = (24)

—OR/3y — 24 3R/ dy. — IR/38 — U,

The matrix M evaluated at ¢ = 1 and multiplied by
R, gives the required Jacobian matrix. Thus

J = R.M(1) (25)

The matrix of coefficients in Equation (24) depends upon
the values of ¥ and 4 at a point £; hence this auxiliary sys-
tem of four first-order ordinary differential equations
must be numerically integrated simultaneously with
Equations (9) and (11) for each iteration. The initial
condition for this auxiliary system is clearly

M(0)=1I (26)
Numerical Examples

To illustrate the feasibility of methods described above
and for the sake of definiteness in succeeding discussions
some results of numerical solutions are presented here.

Under consideration is a first-order irreversible reaction
of the form A - Products. The reaction rate is assumed
to be described by an Arrhenius type expression, so that
the reduced reaction rate expression may be written

R=—P,yexp (—E,/6) (27)

Since ® depends only on the concentration of the refer-
ence component and the temperature, Equation (24) is

oR/dy O0R/06
—0R/8y —3R/0— U,

The numerical integration of Equations (9) and (11)
and of the auxiliary Equation (28) was performed on an
IBM 7094 digital computer using the variable step size
routine described by Nordsieck (9). The maximum allow-
able error in y and @ at each step of the integration was
set at 10, and the step size was adjusted to meet this re-
quirement.

The numerical values of the dimensionless parameters
were taken to be

E,=175.0
U, =0.79

dM/d¢ = ( ) M (28)

P, = 10¥
R, =05

Such values would result for example if the system had
the following properties:

p =25 X 10" sec.”
—AH = 24,000 cal./mole

C, = 0.60 cal./(g.)(°C.)

D =125cm.

u = 0.75 meters/sec.

E, = 16,394 cal./(mole) (°C.)
p==0.80 g./cc.

U = 0.0296 cal./(sq. cm.) (°C.) (sec.)
L = 3.0 meters

Cr = 2.2 moles/liter

Other combinations are possible, however, since the set
of four dimensionless quantities does not uniquely define
a set of dimensional constants. A steady state solution is
sought first for a reduced feed temperature 8- of 2.90.
The wall temperature #, is assumed to be constant at
2.50. With the dimensional quantities listed above, these
temperatures correspond to 319° and 274°K., respec-
tively. The outlet concentration and temperature were
initially assumed to be 1.0 and 2.90, respectively. Table
1 shows the convergence of the iterative procedure.
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TaBLE 1. CONVERGENCE OF THE ITERATIVE PROCEDURE

Iter-
ation Predicted values Computed values
NO., n ,yre(n) er’(nl Ve ( 7’0("),0’0(") ) 9.("/"("1,0'.(") )

1 1.0 2.90 0 3.27266
2 0.0 3.02320 0.14703 2.93256
3 0.19307 2.95895 0.21243 2.94700
4 0.23238 2.94534 0.23367 2.94438
5 0.23855 2.94280 0.23859 2.94277
6 0.23879 2.94270 0.23879 2.94270

The steady state reduced concentration and tempera-
ture profiles for this example are shown in Figure 1. It
should be noted that the maximum temperature in the
reactor occurs at a distance from the inlet of approxi-
mately 65% of the total reactor length. Near the inlet
the temperature rises because the rate of heat generation
by the reaction is greater than the rate of heat transfer
to the wall. When the reaction rate decreases because of
the depletion of the reactant, the rate of heat generation
no longer exceeds the rate of heat removal and the tem-
perature begins to drop. Although in this example the
temperature at its maximum is only a few degrees greater
than it is at the reactor outlet, other cases have been
found in which the maximum is significantly greater than
either the inlet or the outlet temperature.

This example is of particular interest as it will be shown
later to be an unstable situation. The steady state solution
obtained in this case is unique. Regardless of the set of
initially assumed outlet values, the iterative procedure
would always converge to the same steady state. This is
not always the case, however, as is shown in the follow-
ing example.

Here all data and parameters remain the same, except
that the reduced heat transfer coefficient is taken to be
0.45 and the feed temperature is 2.737. In this case three
steady states are possible, although this fact is not known
initially. It is necessary, therefore, to start with a number
of different sets of initially assumed outlet values y.”™ and
6./ and to perform the iterative procedure for each set
until all three solutions have been obtained.

The three steady state concentration profiles are shown
in Figure 2 and the three temperature profiles in Figure

1.0 3.00

0.8 2,98

0.6 \ A AN 296
Y >< \ 8

/ I~

0.4 —;\‘\ 294

\

0.2 292

% 0.2 0.4 06 08 T
3

Fig. 1. Concentration and temperature profiles for a unique steady
" state. 0p = 2.90, U, = 0.79.
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Fig. 2. Concentration profiles for muitiple steady states. O =
2737, U, = 045.

3. The low conversion state was obtained by taking v.,’”
to be 1.0 and 6./ to be 2.7. With the same choice for
v/, the intermediate conversion and the high conversion
states were found by taking 6, to be 2.8 and 2.9, re-
spectively. In all cases, the maximum deviation in the
outlet values was less than 10~ after six iterations had
been performed.

It is interesting to observe from Figure 3 that the tem-
perature profile for the low conversion state is almost con-
stant. This indicates that the rate of heat generation is
approximately equal to the rate of heat loss to the wall
throughout the reactor. On the other hand, the high con-
version temperature profile shows an interior maximum
as in the preceding example. The low and intermediate
conversion profiles in Figure 2 are almost linear, which
indicates that the rise in temperature compensates for
the depletion of reactant so that the reaction rate remains
approximately constant throughout the reactor. The re-
actant is consumed too rapidly near the inlet for this to
occur in the high conversion state.

An Alternate Method of Steady State Calculations

The method described above for obtaining steady state
solutions has the associated premium of transient informa-
tion. This feature will be brought out subsequently. How-
ever, it has certain obvious disadvantages if the primary
concern is to explore steady state characteristics. First, in
order to obtain more than one solution when multiplicity
exists, it is often necessary to try a large number of start-
ing values for the outlet state. Furthermore, if only one
steady state is found, one can never be absolutely certain
that this is indeed a unique one.

A second disadvantage is that the feed temperature
must be initially specified. It is often desirable to choose
the feed temperature and other operating conditions so
as to yield a desired conversion. With the above method
this can be done only by finding steady states for differ-
ent feed temperatures and then interpolating or iterating
until one is found which yields the desired conversion.

These disadvantages can be eliminated by modifying
the iterative procedure so that the outlet concentration vy,
is fixed, and consequently the inlet concentration v, is
determinable from Equation (12). The feed temperature
6- is left unspecified and the outlet temperature 6, is un-
known initially. The problem now is one of a univariable
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search to find the value of 4, which yields the desired
outlet concentration. The inlet reactant temperature is
assumed to be some value, say 4,”, and Equations (9)
and (11) are integrated to yief,d values of 4, and y.. The
value of v, is compared with the desired value and if they
do not agree satisfactorily, a Newton-Raphson technique
can be used to predict an improved value of @, for the
next iteration. If 4, is the value of the inlet temperature
assumed for the n** integration and y.{8,) is the result-
ing outlet concentration value, then the value of 4,™7,
predicted for the n 4 1** iteration is given by

Yo — 76(0.™)

Ba(m-l) — 00(1») +
dv./96,

(29)

where v, is the desired outlet concentration. To obtain the
value of dvy./89,, it is necessary to integrate only the two
auxiliary equations of Equation (38) which involve par-
tial derivatives with respect to 6,. When this procedure
has converged, the exit temperature #, has also been
found, and the required feed temperature f; is obtain-
able from Equation (14).

This alternate iterative procedure is superior to the
original procedure so long as there is only one feed tem-
perature @ which yields the desired outlet concentration
v.. This is always the case for the reaction system con-
sidered in the preceding examples. On the other hand,
one would not expect this to be necessarily true if the
reaction were reversible.

Figure 4 presents a number of curves of the steady
state outlet concentration vy, as a function of the feed
temperature - for the reaction system of the preceding
examples. Each curve corresponds to a different value of
the reduced heat transfer coefficient U,, with all other
parameters being the same as before. These curves were
readily constructed from the steady state solutions obtained
by using the alternate procedure. All states enclosed by
the dashed curves of Figure 4 are unstable; this feature
will be discussed in the following section.

Tt can be seen from Figure 4 that when the reduced
heat transfer coefficient is less than 0.79, there exists a

3.30
T
3.20 e \\
HIGH CONVERSION
310 /
g 300 //
2.90
INTERMEDIATE
CONVERSION ]
2.80 I
'/—LOW CONVERSION
L |
2705 0.2 04 06 0.8 10
3
Fig. 3. Temperature profiles for multiple steady states. 6p —=
2737, U, = 0.45.
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range of feed temperatures for which there are three
steady outlet states. The range of feed temperatures for
which this multiplicity exists increases as the reduced
heat transfer coefficient decreases until the limiting case
of no heat transfer to the wall is reached. Thus one would
conclude that if multiple steady states do not exist for
the adiabatic reactor, they would not exist for any value
of the heat transfer coeflicient.

STABILITY CRITERION

Some insight into the stability requirements and the
transient nature of the reactor-recycle process may be ac-
quired by considering the history of a single infinitesimal
plug of reactant fluid. At some time, this plug is found
at the reactor outlet with a temperature and a concentra-
tion which are supposedly not the steady state outlet val-
ues. A portion of the plug is recycled to the reactor inlet
and mixed with fresh feed to form a new plug. The inlet
conditions of this new plug depend upon the outlet con-
ditions of the former plug and the feed conditions, ac-
cording to the transient recycle relationships. Since the
feed conditions are constant, the new plug may be identi-
fied solely with the old one.

As the new plug flows through the reactor, its tem-
perature and concentration change as a result of the
chemical reaction and the heat transfer to the wall. These
changes, however, are independent of the condition of
any other plug in the reactor, since plug flow and negli-
gible axial dispersion of heat and mass have been as-
sumed. Furthermore, since the wall temperature is inde-
pendent of time, the condition of this plug depends only
upon its location in the reactor and its inlet condition. In
particular, the state of this plug at the reactor outlet is a
function only of its state at the reactor inlet. It has been
seen, however, that the inlet state depends only on the
outlet state of the preceding plug.

Once the second plug reacEes the reactor outlet, a por-
tion of it is recycled to the inlet and the process is re-
peated. Thus, if y,*, y:.™ and 6,™ represent the outlet
condition of the plug after the n*" pass through the re-
actor, then the conditions after the n 4 1" pass are repre-
sented by the functional equations:

y.(ﬂ+1) —_ ')’e(')’c("), y“(n)’ 00(")) (30)
‘Y“(nu) — ‘}':e(’)',("),')'u("), 05(")) (31)
0.(m1) —_ 09(’)’.;("), ')'(o(”), 0’(13)) (32)

It is clear that if the reactor is at a steady state, the out-
let values do not change from one pass to the next. On
the other hand, if y.”, y:,™, and 6," differ from the
steady state values by some arbitrary amount, then the
outlet values on the next pass would also be expected to
differ. Thus in the transient regime a single plug gen-

~.
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Fig. 4. Steady state solutions and regions of instability.
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erates a sequence of outlet states. In the stability prob-
lem one is interested in knowing if this sequence ap-
proaches the steady outlet state as the number of passes
through the reactor increases. In the present study a
steady state is considered to be stable if the sequence con-
verges to that state with increasing n when the outlet
state is only infinitesimally perturbed from its steady
value. Since at the steady state all plugs are in identical
states at a given position, it is sufficient to examine the
history of a single plug. (Certain anomalous situations in
which different plugs may have different states at a given
position at steady conditions are pointed out later.) Thus
the problem of determining steady state stability or insta-
bility reduces to the problem of determining the converg-
ence or divergence of the sequence defined by Equations
(30), (31), and (32).

In order to investigate the convergence of this se-
quence, it is necessary to be able to evaluate the func-
tional relationships expressed by Equations (30), (31),
and (32). From the theory of partial differential equa-
tions it is known that any first-order linear partial differ-
ential operator may be expressed as a directional differ-
ential operator along a family of lines known as the char-
acteristics (10, 11). Therefore, Equations (3), (4), and
(5) may be written as

dy/doe = R (33)
dé/doe = U, (0, — 0) — R (35)

along any characteristic line with parameter o. The entire
family of characteristics may be expressed in terms of a
second parameter 7:

T=0 41 (86)

= (87)

It should be noted that the transformed Equations (33),
(34), and (35) are identical in form to the steady state
Equations (9), (10), and (11), since the variables §
and o are only dummy variables of integration. The full
significance of this fact will become apparent shortly
when the stability criterion is presented. Furthermore,
since Equations (33), (34), and (35) are ordinary differ-
ential equations, they may be integrated numerically
along the characteristics by any of the usual methods.
Numerical integration of Equation (84) is unnecessary
since Equation (15) applies equally well here with the
substitution of ¢ for ¢ That is
')’i(‘r) T Yo = ’)’(‘7) %Y (38)
The characteristics may be given a physical interpretation
by noting that they relate the position of any plug in the
reactor with the time required to reach that point. Thus
a single characteristic corresponds to the flow of a single
plug through the reactor. Equations (30), (81), and
(82) are therefore solved by first substituting the outlet
conditions from the n* pass into the transient recycle re-
lationships to obtain the inlet conditions for the n + 1**
pass, and then integrating Equations (33), (34), and
(85) along the characteristic until the outlet is reached.
Equations (30), (31), and (82) are recognized as be-
ing nonlinear difference equations. Bellman (12) has dis-
cussed the linearization of difference equations and the
stability of their solutions and has shown that lineariza-
tion about a steady state and subsequent analysis of the
linear system in the neighborhood o% the steady state is
valid. The stability theory of solutions of linear difference
equations is presented in many texts such as the one by
Goldberg (13). Linearization of Equations (30), (31),
and (32) about the steady state outlet values v.., yics
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and 4., results in the following system of linear difference
equations:

' 3 r
A (@n+l) _Iy\ n) A
(] ]
A A
,y“(vwl) — K 'y”(n) (39)
N A
L 00( t+1) ) L ou(ﬂ)

) [eD]

A A A
where v.”, v:,*, and 4,™ represent deviations from the
steady outlet state after the n™ pass through the reactor.
Thus

n)

—_ (ny
Ye == Ye T Ves
(S0 J— e
Yie = Yie T Yies

/0\’('» =g, —4,

If, in general, the transient recycle relationships which
give the inlet state of the plug on the n + 1°* pass in
terms of its outlet state on the n** pass are represented
by G,, G:, and G for y., yi,, and 4., respectively, then
upon applying the chain rule of differentiation, the matrix
of linearized coefficients is given by

Yo/ 0o - - - 0o/ Y50 . . . Dyl 00,
K= ay‘;(ay, . ay{,/ay,a Ce . By/88, | X

30./3y, ... 30./3y,, ... 00./30,
3G,/ ... 3G dy,e . .. 3G/ 38,

3G /3y. . .. 3G/ By;e . . . 8C/ 00, (40)

3Go/37e . . . 8CGa/y)s . . . 3Ga/ 38,

evaluated at the steady state.
It is known that solutions to the system of linear differ-

A A A
ence equations for y.™, v:.™, and 6, exist in the form
A", where \ is an eigenvalue of the matrix K. In order

A A A
that v, y.., and 6,* approach zero as n increases, that
is, that the steady state in question be stable, it is neces-
sary and sufficient that the absolute values, that is, the
norms, of the eigenvalues of K be less than unity. For the
coincidental case of the norms being exactly equal to
unity Bellman (12) has shown that no conclusion regard-
ing stability can be drawn from the linearized system.

The study of the eigenvalues of K may be simplified
considerably when the recycle process is described by
Equations (6), (7), and (8). In this case Equation (40)
may be written as

B'y,‘/('}y,, R By,./&y,,, . 6’y,/80,,
K =R, 67”./.0)/,, . 674,:/6710 .. By./ 30, (41)
304/ 3%0 . . . 90./ys0. .. 00.,/08, |,

By means of Equation (38) evaluated for ¢ = 1, the
partial derivatives of v, in Equation (41) can be related
to those of v.. Substitution into Equation (41) and simpli-
fication of the result lead to the following characteristic
equation for the eigenvalues of K:
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m-1

o 6')’: 5 a‘}’. aeu
(R, — A ’"“{A‘—R,[——-+ 2,——+-—-] A
) a‘)’a 4=1 3‘}’15 60,,

m-1
o] 9ve dv. | 99,
+ Rﬁ[—y— +2 —7—]
670 i= a')’jo aea
m-1
09, 96, ] dv.
] e Ly O SO
3’)'.; j=1 a‘)’}o aau s

It is clear from Equation (42) that m — 1 eigenvalues
are equal to the recycle ratio. Since R, is always positive
and less than unity, these eigenvalues can never lfead to
instabilities. Thus only the two eigenvalues defined by the
expression enclosed in braces need to be investigated.
Since the steady state Equations (9), (10), and (11) are
the same as the transient Equations (33), (34), and
(85) along the characteristic, this expression is identical
to the characteristic equation of the matrix J, given by
Equation (22), with the elements evaluated at the steady
state. It will be recalled that J is calculated and used in
the Newton-Raphson procedure which involved iterations
on outlet values y, and @, to obtain the steady state solu-
tion. Thus once a steady state has been found by that
method, its stability can be immediately determined sim-
ply by computing the eigenvalues of the final J. In the
event that the alternate method is employed to locate the
steady state, this matrix is not available and an additional
iteration, in which the complete system of auxiliary Equa-
tion (23) is integrated, is required to obtain J.

It was mentioned earlier that the steady state solution
was independent of any time delay in the recycle line. It
is interesting to note also that the stability of a steady
state is likewise independent of the time delay, since 8
does not enter into Equation (42). This fact results from
neglecting axial dispersion in the reactor and from the
assumption that the recycle process is one of pure time
delay. [It has been shown (I14), for example, that time
delay in a reactor system with complete backmixing does
affect stability criteria.] Thus the only effect of the time
delay is upon the rate of convergence to or divergence
from the steady state.

It can also be seen why, in searching for a steady state
solution, the values of y, and 4, calculated from one itera-
tion should not be used as the assumed values for the
next iteration. In such a procedure, the mathematical at-
tempts to obtain a steady state solution and the physical
process by which the reactor is attempting to achieve a
steady state are identical in fashion. Naturally, this pro-
cedure could not converge to an unstable steady state.

The steady state Jacobian J, computed for the reaction
system discussed in the first example above (the steady
state of which was presented in Figure 1), has the value

( —0.58215 —8.37250 )
0.78209 2.55028

The eigenvalues of this matrix are complex conjugates
which have a norm of 1.07375. Therefore, this steady
state is unstable. This case is of particular interest since
the system possesses only the single steady state. Because
it is physically impossible for the reactor to operate in an
unstable state, time-independent behavior can never be
observed for this example. One expects therefore that the
state of the reactor would oscillate continuously. This

pe of transient behavior will be explored in detail in
Part II of this study.

The eigenvalues of J computed for each of the three
steady states of the second example (steady state solu-
tions for which were presented earlier in Figures 2 and
3) show that both the high and low conversion states are
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stable and that intermediate state is unstable. In fact it
can be shown (see Appendix) that the intermediate state
is always unstable for a reaction of the type considered
in the numerical examples.

Results of the application of the above stability criterion
to the steady state results presented earlier are summa-
rized in Figure 4. The dashed curves enclose regions of
unstable steady states. In particular, the uniformly dashed
curve encloses only the intermediate conversion states. Of
particular note in Figure 4 are the certain critical values
of U,. As shown in the figure, when U, exceeds 0.92, only
unique and stable steady states are possible for any value
of 6s. For values of U, between 0.79 and 0.92, unique un-
stable steady states are found on a range of 6r values.
When U, lies between 0.22 and 0.79, three steady state
solutions exist, and it is possible for the high conversion
state to be unstable as well as the intermediate state.
Finally for U, less than 0.22, three steady states exist, and
only the intermediate one is unstable. The critical values
of U, of course depend on the values of the other param-
eters involved, but in general such divisions are possible.

The fact that more than one stable steady state may
exist for a given set of conditions leads to some possible
anomalous behavior of the reactor-recycle process. Since
the model permits no communication by means of heat or
mass transter between infinitesimal plugs as they flow
through the reactor and the recycle line, two adjacent
plugs could theoretically approach different stable states.
Hence the outlet steady state of the reactor could be dis-
continuous with random jumps between stable states.
However, since axial dispersion is never identically zero,
such discontinuities are physically impossible and point
out an inadequacy in the simplified model.

EXTENSION TO COMPLICATED RECYCLE LINES

It is not always possible to describe the recycle line by
equations as simple as Equations (6), (7), and (8). A
more complicated mathematical description is necessary if
the recycle tube is heated or cooled, if chemical reaction
occurs in the tube, or if a component is removed from the
stream before it is fed back. These complexities could
enter into the system either accidentally or intentionally,
as perhaps a possible means of reactor control. Neverthe-
less, the above methods of analysis remain applicable so
long as the recycle process has negligible capacity and
can be described by equations of the form

7;(7) = G’y [’)’«(T‘—S), s 57!6(7_8)’ R aoe(f'—a)]
(43)

s Vie(r—8),...,8.(r—8)]
(44)

,0.(r —8)]
(45)

y10(7) = Gi [yo(r—8), ...

0,(r) = Go [y.(r—8), ..., 75.(+—8),...

The feed conditions are involved as parameters in these
expressions.

Steady state solutions can apparently be found in the
same way as was demonstrated earlier for a simple re-
cycle line. Outlet values can be assumed for y. and 4.,
and the outlet values of the other m — 1 components can
be taken to satisfy Equation (15) for £ = 1. However,
since Equation (16) is no longer applicable, this approach
might require an iterative procedure to determine the
proper values of y,, from Equations -(43), (44), and
(15) for the assumed values of y. and 8.. Therefore, it
may not always be convenjent to assume only v. and 4.,
and perhaps it is more efficient to assume outlet values
for each of the m + 1 variables, v., vi., and 4..

If v/, v./™, and 6,™ represent the assumed outlet
values for the n*" iteration, then, according to the Newton-
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Raphson method, the estimated outlet values for the n 4
1** iteration are obtained from

7+l 7(n) 7y )
¢

Ye Y Ye Ye
J™—1) ‘)’u’(".fl) — = Yumf) — ™ (46)
9 s 9™ 9 Gy 9™
€ e € L

where ., y,,™, and 4,* are the calculated outlet values

from the n* iteration, and J is the Jacobian matrix given
by

aye(ay,' - ay,(a'y“' e 07,/00,’

T=1| op/ay. ... ay.,/ay,,' Co v 360 (47)
00./9y. . .. 30./3y;. . . .30./30.
The Jacobian matrix can be expressed as
] =] ]2 (48)
where
B'ye./a‘y,, N 674‘/6710 N a‘y,,_/aoa
]1 = 6‘)/“:/3‘)',, PETE a‘y;,:/a'y;,, e a'y;_./aﬂo (49)
L 960./3y,...30./9y,,...00./00,
and
3G,/ dy. . .. G,/ dy;. . . . 8G,/ 880,
Jo= | 8G./dy....39G./dy,....3G:/d8, (50)
L 0Go/dye . .. 3G/ 3yse - . . 8Go/ 80,

The matrix J, can be obtained by differentiating Equations
(43), (44), and (45), and the matrix J, can be obtained
as before from an auxiliary system of ordinary differential
equations which are obtained by differentiating Equations
(9), (10), and (11) with respect to the inlet conditions
Yo» Vio, and 8,.

Stability arguments for a complicated recycle system
can be developed in a fashion identical to those presented
earlier for a simple recycle process. As before, the norms
of the eigenvalues of the matrix J of Equation (47), at
the steady state, must be less than unity for that state to
be stable. In general, however, one cannot show that the
norms of m — 1 of these eigenvalues are less than unity,
and hence the eigenvalues of an m + 1°* order matrix
must be examined. Nevertheless, here again the Newton-
Raphson procedure for obtaining steady state solutions
provides, at the same time, a means of examining its

stability.

SUMMARY

A convenient method for investigating the stability to
small disturbances of a plug-flow tubular reactor with re-
cycle has been developed. The method requires an in-
vestigation of the eigenvalues of a Jacobian matrix which
arises naturally in the search for a steady state solution
by a technique based on a Newton-Raphson iteration
scheme. By means of this method a steady state solution
is obtained and its stability or instability ascertained
simultaneously. The method is shown to be applicable to
a large class of reactor-recycle processes, but is limited to
cases in which axial dispersion of heat and mass is neg-
ligible.

Results of numerical computations for a first-order, exo-
thermic reaction have been presented to illustrate the
feasibility of the method as well as the existence of
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multiple steady states and the occurrence of instabilities.
The results show that in some situations the reactor would
possess no stable steady state and would be expected to
oscillate continuously. The complete transient nature will
be explored in Part II of this study.
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NOTATION

A = reference component

A, = i component

a; = stoichiometric coefficient for component A;

C = concentration of reference component

C:. = concentration of component A

C, = heat capacity

d = determinant of Jacobian matrix J

D = reactor diameter

E, = activation energy

E, = dimensionless activation energy, E.,C,/R(—
AH)Cy

G, = recycle function defined in Equation (43)

G: = recycle function defined in Equation (44)

Ge = recycle function defined in Equation (45)

AH = heat of reaction

I = identity matrix

J = Jacobian matrix defined by Equation (20) or
Equation (48)

J. = matrix defined by Equation (49)

J. = matrix defined by Equation (50)

K = matrix defined by Equation (40)

L = reactor length

M = matrix defined by Equation (23)

m = number of components in reaction

p = pre-exponential factor

P. = dimensionless pre-exponential factor, pL/u

R == gas constant

R. = recycle ratio, fraction of product stream returned
to reactor inlet

r = rate of formation of reference component

r. = rate of formation of component A,

® = dimensionless reaction rate, rL/uC,

t = time

T = temperature

T. = wall temperature

tr = trace of Jacobian matrix J

u = velocity

U = heat transfer coefficient

U, = dimensionless heat transfer coefficient, 4UL/
DpuC,

x = distance variable

Greek Letters

v = dimensionless concentration of reference compo-
nent, C/C»

y« = dimensionless concentration of component A,
—C./a:Cr

8 = dimensionless time delay in recycle line

m = parameter along characteristic curve

¢ = dimensionless temperature, TpC,/(— AH)Cy

8., = dimensionless wall temperature, T.pC,/(—
AH)C,

A = eigenvalue

¢ = dimensionless distance variable, x/L

p = density

o = parameter along characteristic curve

T = dimensionless time, fu/L

Subseripts

e = reactor outlet or exit
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F = reactor feed

s = steady state

o == reactor inlet

Superscripts

n = n" iteration or n** pass through reactor
’ = assumed reactor outlet condition

A = deviation from steady state
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APPENDIX

Stability of the Intermediate States

By means of Equations (15) and (16), the derivatives of
the steady state outlet concentration and temperature with
respect to the feed temperature can be expressed in the form

dry./dor
(laa/dor
( melL
a'ya/a’)’o + $ 67«/67ca a‘)’s/aon d'ya/dop )
— (A1)
N\t
806/ 3o + 2y 30./8%e0  306/D8 do./dox
N i=1

Differentiation of the recycle conditions, given by Equations
(12) and (14), with respect to 6 and substitution of the re-
sult into Equation (Al) yield the following system:

d’yo/del

=] (A2)
de./dor 4+ 1/R.—1

d’Ya/dﬂp
de./der ]
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Here, ] is the Jacobian matrix, presented by Equation (22)
and evaluated at the steady state. It is clear from Equation
(A2) that the derivatives of the outlet conditions are given by
dv./dér 0
=({J—-D7] (A3)

de./dor 1—1/R.

The inverse of the matrix (J— I), which exists whenever its
determinant does not vanish, may be expressed as

R, 06./06, — 1

1
J—D* = n

d=tr+1 | _R|00u/ave + 2 30u/3vis ] R. [
izl

The following expression for dvy./dér can be readily obtained
from Equations (A3) and (A4).

1—R-
dv./dbr = T a1 0v./C8s

d—tr
Since the characteristic equation, as given in Equation (42),
of the Jacobian matrix J can be written in the form
M—tri4+d=0 (A8)
it can readily be shown that whenever the quantity (d — #r
+ 1) in Equation (AB) is negative, one of the solutions of

(A5)

Equation (A6) exceeds unity. Consequently, the corresponding
steady state is unstable. It follows that a necessary, but not
sufficient, condition for steady state stability is that the sign of
dv./dgr be the same as the sign of 37./36..

This condition can now be applied to show that the interme-
diate conversion state is always unstable for irreversible reac-
tions such as those considered in the preceding examples. An
examination of the curves in Figure 4 shows that dv./dér
never vanishes; thus it follows from Equation (A5) that the

~ R, 27e/ 300

m-1 (A4)

a‘ya/a'Yo + 2 6’70/87«0 —1

4zl

sign Of 3v./36. can never change. Furthermore, the sign of
dv+/ 30, must be negative, since one can argue that, at least at
sufficiently low inlet temperatures, the outlet reactant concen-
tration would be expected to decrease with an increase in inlet
temperature for an irreversible reaction. An intermediate con-
version steady state violates the above condition for stability,
therefore, since dy./ddr, being positive, does not agree in
sign with §7v./36..
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The Finite-Difference Computation of

Natural Convection in a

Rectangular Enclosure

J. O. WILKES and S. W. CHURCHILL
University of Michigan, Ann Arbor, Michigan

A study is made of the natural convection of a fluid contained in a long horizontal enclosure
of rectangular cross section with one vertical woll heated and the other cooled. Two-dimensional
motion is assumed. The governing vorticity and energy transport equations are solved by an
implicit alternating direction finite-difference method. Transient and steady state isothermals
and streamlines are obtained for Grashof numbers up to 100,000 and for height-to-width ratios

of 1,2, and 3.

This work is part of a research program whose object
is to develop numerical methods for solving the partial
differential equations governing the conservation of mass,
momentum, and energy in problems of natural and free
convection. In the initial investigation (7), Martini and
Churchill measured the temperature and velocity fields for
air contained in a long hollow horizontal cylinder with
one vertical half heated and the other cooled. They did
not complete a numerical solution, mainly because of the
limitations of the then available computer (an IBM 650).
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Aided by an IBM 704 computer, Hellums and Churchill
(4) developed an explicit finite-difference method for
generating the transient solution to the above problem and
also for free convection at a vertical plate. In both cases
they were able to employ boundary-layer types of equa-
tions in which only one momentum balance actually
proved to be necessary. The computed transient velocity
and temperature fields ultimately converged to steady
state values. For the plate, these values agreed excellently
with the theoretical solutions of Ostrach (9) and Schmidt
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